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Let a,(G) denote the maximum number of vertices in a k-colorable subgraph of 
G. Set a,(G) = ak(G) - ao-r,(G). The sequence a,(G), a,(G),... is called the 
chromatic difference sequence of the graph G. We present necessary and sufftcient 
conditions for a sequence to be the chromatic difference sequence of some 4- 
colorable graph. 
An r-coloring of a graph is an assignment to each vertex of one of r colors 
so that no two adjacent vertices are assigned the same color. If the graph G 
has an r-coloring but no (r - 1)-coloring then G is said to have chromatic 
number r or be r-chromatic. The independence number of G, denoted here by 
a,(G), is the maximum number of vertices in an induced l-colorable sub- 
graph of G. The peculiar form of this definition is inspired by our desire to 
generalize. Specifically we let ark(G) denote the maximum number of vertices 
in an induced k-colorable subgraph of G. We are interested in what values 
the ak’s can assume. For convenience we define for k = 1, 2,... 
ak = ak(G) = ak(G) - a(k-l)(G)q 
The sequence (a,) = (a,(G)) is called the chromatic dl$%rence sequence of G 
or cds(G). If G is r-chromatic then a,(G) = 0 for each k greater than r. We 
often suppress these terminal zero terms. If (ak) is cds(G) we say (ak) is a 
cds and G is a realization or construction of (a& Greene and Kleitman have 
studied cds’ of comparability graphs [2,3]. Such graphs always have nonin- 
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creasing cds’. The problem which this paper investigates is a characterization 
of those sequences which are cds’. 
In order to suggest suitable necessary and sufficient conditions for a 
sequence to be a cds it is helpful to define the notion of a flat sequence and 
to recall the concept of dominance in the sense of Hardy, et al., [4, p.‘47]. A 
sequence of integers with a finite number of nonzero terms is said to be flat 
if it is nonincreasing and the largest and smallest nonzero terms differ by at 
most one. We denote by (F(S, n)) the flat sequence with n nonzero terms 
whose terms sum to S. The n-term sequence (xk) is said to dominate the n- 
term sequence (yJ, written (xk) > (YJ, if 
(1) CL x/c= CL Y, 
and 
(2) )& xk>~fcI y, for p= 1, 2 ,..., n- 1. 
Note that the definition of dominance does not require that all of the terms 
be nonzero. 
We now recursively define what it means for a sequence to be good. Any 
positive integer is a good one-term sequence. The sequence of positive in- 
tegers (a 1 ,..., a,,) (n > 1) is said to be good if 
(A) (a,,..., a(,-,,) is good 
and 
(B) for each integer p (1 <p < n) 
We illustrate the above definitions in Fig. 1. 
FIG. 1. a,,(D) = 0, al(D) = 3, a,(D) = 3, a3(D) = 6, a,(D) = a,(D) - q,(D) = 3, 
a,(D) = a,(D) - a,(D) = 1, a,(D) = c+(D) -a,(D) = 2. cds(D) = (3, 1, 2). (3, 1, 2) is good 
as (A) (3, 1) is good and (B) (3, 1, 2) > (2, 2, 2), (1, 2, 0) > (1, 1, 1). 
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CONJECTURE 1. A sequence is a cds if and only if it is good. 
That Conjecture 1 is valid for one-term and two-term sequence is obvious. 
The principal result of this paper is that Conjecture 1 is true for three-term 
and four-term sequences, i.e., for sequences corresponding to 3-chromatic 
and 4-chromatic graphs. It remains an open question whether a cds of more 
than four nonzero terms must have property (A). After introducing some 
notation we will show that every cds satisfies property (B). 
We loosely follow Bondy and Murty [ 1 ] and denote the number of 
vertices of G by v = v(G), the cardinality of the set A by ] A I, the vertex 
disjoint union of G and H by G + H, the join of G and H by G V H, the 
disjoint union of 1 copies of H by ZH, an independent set with m vertices by 
Z(m), the greatest integer <X by [xl, the least integer > x by {x}, and the 
graph obtained from G by removing the vertices in A and their incident 
edges by G-A. 
THEOREM 2. Zf (a,,..., a,,) is a cds then for each integer p (1 < p < n) 
(a, ..., o.,O,O,...,O)~(~(~~a,,n)) 
Proof. Let G be a realization of (a,,..., a,,) and A a largest (p - l)- 
colorable subgraph of G (1 ,<p < n). Then 
v(G-A)= q1 ak. 
k=p 
Fix an n-coloring of G -A and let ck (k = l,..., n) denote the number of ver- 
tices colored with the kth most used color. Clearly, 
(a, ,..., a,, O,..., 0) > (c, ,..., c,) > (F(v(G - 4, 4). 
LEMMA 3. If (ak) and (bk) are cds’ then (ak + bk) is a cds. 
PrOOf. If G iS a realization Of (ak) and H is a realization Of (bk) then 
G + H is a realization of (ak + bk). 
LEMMA 4. Zf (aI ,..., at,-l,) is a cds and a,, < ak (1 < k < n) then (a, ,..., 
a,,) is a cds. 
Prooj If G is a realization of (a, ,..., a,,-,,) then G V Z (a,,) is a 
realization of (a, ,..., a,). 
COROLLARY 5. Any nonincreasing sequence of positive integers is a cds. 
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THEOREM 6. Every three-term cds is good. 
Proof. Suppose (a r, a*, a3) is a cds. By Theorem 2 property (B) is 
satisfied so we need only show that (a i, a2) is a cds, i.e., that a i > a,. If G is 
any realization of (a,, a2, a,) then G contains a 2-colorable subgraph H 
with a i + a2 vertices. At least ((a, + aJ/2} of the vertices of H must belong 
to an independent set in G. Thus 
a1 3 Na, + a,)/21 2 (a, + a,)/2 
and 
THEOREM 7. If (a,, a,, a3> is good then it is a cds. 
Proof. Let I= a3 - a2. If I < 0 then the sequence is nonincreasing and a 
cds by Corollary 5. Consider the sequence (b,, b,, b3) = (a, - 31, a, - 1, 
a3 - 21). We claim this sequence is nonincreasing: 
(i) Since (a,, a2, a3) is good and v = a, + a2 + a3 then 
a, + a, 2 {2v/3} > 2v/3 
* (a, + aJ/2 > v/3 > a, = a2 + 1 
=+a,>a,+21+b,>b,. 
(ii) b, = a2 - (a, - a-,)=a,-2(a,-a,)=b,. 
(iii) Property (B) (for p = 2) implies 
a22 m2 +a3)/31 2 (a2 + a,)/3 
* 2a, - a3 > 0 + a3 - 2(a, - a2> = b, > 0. 
Since (b, , b, , b3) is nonincreasing it is constructible. Let D be the graph 
shown in Fig. 1 whose cds is (3, 1, 2). Then the sequence (31, Z, 21) is 
realized by ID. Since (a I , a,, a3) = (b,, b,, b3) + (3&l, 2f) Lemma 3 implies 
(a,9 a29 a,) is constructible. 
Remark. Note that the above actually gives a prescription for a realiza- 
tion of (a,, u2, 3 a ). It of course might happen that (b, , b,, b3) has two or 
three zero terms in which case I(b,) + ID realizes (a,, a2, a3). 
THEOREM 8. Every four-term cds is good. 
Proof It suffices to show that if (a,,a,,a,,a,)is acdsthen (a,,a,,a,) 
is good. To accomplish this we must show 
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(i) (a,, a*) is a good sequence: It is clear that the first two terms of 
any cds are nonincreasing. 
(ii) (a,, a2, a3) > (F((a, + a2 + a&,, 3)): Suppose G is a realization 
of (a,, a,, a3, a,). G must contain a 3-colorable subgraph H with v(H) = 
a, + a2 + a3. Suppose cds (H) = (c, , c2, cj). Clearly 
(a,, a2, a3> > (cl9 c,, c3) > (F(W), 3)). 
(iii) (a,, a3, 0) > (F(a, + a,, 3)) (T. Strommer): Suppose H and G 
are as in (ii). Consider a 3-coloring of H with color sets R, B, and Y having 
r, b, and y vertices, respectively. Let I be an independent set in G with a, 
vertices. I u R induces a 2-colorable subgraph in G. Thus 1 Z U R I< a, + a2 
andIZnRJ=IZI+IRI-lIVRI~ r-aa,. Similarly IZnB I >b -a2 and 
jInYI>y-aa,. Since R, B and Y are disjoint 
a,=Ill~llnRl+llnBI+IInYI 
2 r + b +y - 3a, = a, + a2 + a3 - 3a,. 
Thus 2a, > a3 and (a,, a3, 0) > (F(a, + a3, 3)). 
Remark. Theorem 8 would be immediate if it were true that some 
realization of (a,, a*, a3, a,) must contain a 3-colorable subgraph whose cds 
is (a,, a*, a3). The reader can check that this does not happen with the con- 
struction of (4,2, 3, 3) presented in the next theorem. 
THEOREM 9. Every good four-term sequence is a cds. 
ProoJ It is not hard to show that every good sequence has its largest 
term first. Thus when the terms of a good four-term sequence are written in 
nonincreasing order there are six possibilities. We provide realizations of 
good four-term sequences in the following six lemmas. 
LEMMA 9.1. If (a,, a2, a3, a,) is a good sequence and a, > a, > a3 > a4 
then (a,, a,, a,, a,) is a cds. 
ProoJ: Corollary 5. 
LEMMA 9.2. If( a,, a2, a3, a,) is a good sequence and a, > a3 > a2 > a4 
then (a,, a,, a3, a,) is a cds. 
Proof. Since (a,, a,, a3, a,) is good (a,, a*, a,) is good and hence a cds. 
By Lemma 4 we can construct (a,,a,,a,, a,). 
LEMMA 9.3. If (a,, a2, a,, a, > is good sequence and a, > a4 > a2 > a3 
then (a,, a,,a,, a,) is a cds. 
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Pro05 It is routine to check that a, > 3a, - a2 - a3. We will construct 
(3a4 --‘a* - a3, a*, a3, a,) and use Lemma 3 to construct the original 
sequence. For the remainder of this proof assume a, = 3a, - a2 - a3 and 
hence a, + a2 + a3 + a4 = 4a,. Let I,,, (m = 1, 2, 3, 4) denote four indepen- 
dent sets where 1 I,,, I= a4 (m = 1, 2, 3, 4). Label the vertices in set I,,, with 
Xmj (m = 1, 2, 3, 4; j= 1 ,..., a,). Define the integers pi and yi (i = 1, 2, 3, 4) 
as follows : 
and 
(y4, Y3, Y2, rd = w29 4)). 
Note that the subscripts of the y’s are in decreasing order. Using these num- 
bers we partition the Im’s as follows: 
and 
I,, = {xmj: 1 GKP,h 
I,,= {Xmj: Pm <j<Pm + Ym19 
I,3=Im-Iml-Inr2 (m= 1,2,3,4). 
The graph G is obtained from I1 V I2 V I, V I4 by deleting every edge which 
joins a vertex of Imj with a vertex of I, (m, n = 1,2,3,4; j = 1,2). We will 
show that cds(G) = (a,, a2, a3, a,). 
First we claim that a maximum independent set in G has a, vertices. The 
maximal independent sets in G are I,,, and ut= i I, 0’ = 1 or 2) whose 
cardinalities are a4, a,, and a2, respectively. Since (a,, a2, a3, a,) is good a, 
is the largest of these three. 
We now show that a maximum 2-colorable subgraph of G has a, + a, 
vertices. The maximal 2-colorable subgraphs of G are I,,, U I,, 
(m, n = 1,2,3,4; m # n); I,,, u (U”,=, IV) (m = 1,2,3,4; j= 1 or 2); and 
U”,= i Uj= i I,j. The last of these has a, + a2 vertices. The first of these 2- 
colorable sets has 2a, vertices. But 
a, + a, = 3a, - a, - a3 + a2 = 3a, - a3 > 2a,. 
The 
since 
other maximal 2-colorable sets have no more than a, + a2 
pJ(&clZkl)I =a~+I1m-zmll 
< a, + a4 - [a,/41 
= a1 + {(4a4 -a,)/41 
= a1 + m2 + Q3 + a,)/41 
< a, + a,. 
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The last inequality is because (a*, a3, a,, 0) > (F(a, + a, + ad, 4)). 
Finally we must prove that a maximum 3-colorable subgraph has 
a, + a2 + ,a3 vertices. That there is a 3-colorable subgraph with this many 
vertices is demonstrated by G - I, (k = 1, 2,3,4). A maximum 3-colorable 
subgraph of G in order to contain at least a, + a2 + a3 vertices must contain 
a vertex of I,, for some m = 1,2,3,4. Once such a subgraph contains one 
vertex in I,, then it contains every vertex in I,,,. If such a subgraph contains 
no vertex of I,, (n = 1,2,3,4; n # m) then the vertex set of the subgraph is 
If a maximum 3-colorable subgraph contains a vertex of In3 then it contains 
all of I,, (n f m). The possible such maximum vertex sets are 
G-I, (k = 1,2,3,4; n z k f m) 
I, V I* V Iu V I/j 
(k,l= 1,2,3,4;n#k,lfm;k#l;j= l,2). 
The numbers of vertices in these 3-colorable subgraphs are as follows: 
)G-Ik)=a,+a2+a3. 
1 I,VI,VZ~UI~jI <2a4 +Pl +P2. 
=a,+a,+a,-pm---7,. 
We will show that each of these numbers is no more than a, + a, + a,. 
(i) a, + a2 + a3 2 2a, + PI + P2 : Let (S,, 6,) a,, 8,) = @‘(da, - a,, 4)). 
Thus {(4a4 - a,)/4} > 6, > 6, > 6, > 6, > [(4a4 - aJ4]. Since 
{ (4% - a,)/4} = a4 - [a,/41 and [(4a4 - a,)/41 = a4 - {a,/4} we have 
a4-[a,/4]~a,--P,~a,-P3~a,--2~a,--P,~a,-Ia,/4}. Clearly, 
ai = a4 - /Is _ i . By Property (B) 
whence 
a, i- a3 > 6, + 6, 
= 2a, -P3 -P4 
= 22, + PI -I- P2 - a,. 
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(ii) a,+a,+a,~a,+a,+a,--p,-y, (m= 1, 2, 3, 4): We write 
a,=4p+i and a,=4q+j (O<i,j<3). Then 
/I,= {a,/4} if m<i 
and 
ym= (aJ4) if m >4-j 
= [a,/41 if m > i = [a,/41 if m < 4 -j 
Case 1. i + j> 4. Then P,,, + y, > [a,/41 + {a,/4}. Then 
a4-Pm-Ym~a4- WI- (a*/4~ 
=a,-p-(q+ 1) (asj>O) 
= { (4a4 - 4p - 4q - i - j)/4} 
= {(4a4 - a, - aJ4). 
Since (a3, a4, 0,O) > (F(a3 + ad, 4)) we have 
Case 2. i+j< 4. Then 
a4 -P, - Ym G a4 - [Ml - [a*/41 
=a,-p-q. 
Since (as, a4, 0,O) > (F(a3 + ad, 4)) we have 
a,> {(4a4-a,-a#}= {(4a4-4p-4q-j-j)/41 
= {a, -p - q - (i + j)/4} 
= a,-p-q (i+j < 4) 
= a4-PCYW 
For the remaining three possible orderings of a,, a,, a3, a4 we will use 
arguments similar to those used in the proof of Theorem 7. We need a 
somewhat larger supply of building block cds’. That (3, 1,2, 1) is a cds 
follows from Lemma 4. Constructions for (4, 1, 1,2); (5,3, 1, 3); and 
(3, 2, 1, 2) are given in Lemma 9.3. We now describe how to construct 
(4,2,3,3) and (4,4,1,3). C onsider G = I(3) V I(3) V I(3) V I(3). Let G, 
denote the graph obtained from G by deleting the edges in one induced K, 
and let G, denote the graph obtained from G by deleting the edges in two 
vertex disjoint induced K,‘s. It is easily checked that cds(G,) = (4,2,3,3) 
and cds (G2) = (4,4, 1, 3). Finally, we construct (3, 3, 1,2) with Z(3) V D 
(D is the graph in Fig. 1). 
LEMMA 9.4. If (a,, a2, a3, a4 > is a good sequence and a, > a3 > a4 > a2 
then (a,, a2, a3, a,) is a cds. 
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Proof. Set k=a,-a,, l=a3--a4 and 
= h- 4k - 31, a2 - 2k - 1, a, - 3k - 21, a, - 3k - I)- 
It suffices to show that (b,, b,, b, , b4) is constructible because 
(a,,a2,a3,a4)=(b,,b2,b3,b4)+k(4, 2, 3, 3)+1(3, 1, 2, 1). 
Lemma 3 then implies (a,, a,, a3, 4 a ) is constructible. But (6,) b,, b,, b4) is 
nonincreasing : 
(1) b, - b, = a, - a2 - 2k - 21= a, + a2 - 2a, > 0, 
(2) b,--b,=a,-a,+k+l=O, 
(3) b,--b,=a,-a,-l=O, 
(4) b,=a,-3k-1=3a,-a,-a,. 
Since (a,, a 3 9 a4, 0) > @‘(a, + a3 + a4, 4)), then a2 2 (a, + a3 + a4)/4 
and 3a, - a3 - a, > 0. Corollary 5 implies that (b, , b,, b, , b4) is construc- 
tible. 
LEMMA 9.5. If (a,, a2, a3, a,) is a good sequence and a, 2 a, > a3 > a2 
then (a,, a2, a3, a,) is a cds. 
ProoJ Set k=a4--a3, l=a,-a2 and (b,,b2,b3,b4)= (a,-4k-41, 
a2 - k- 21, a3 -k- 31, a4 - 2k- 31). It suffices to show that 
(b, , b,, b,, b4) is constructible because (a,, a2, a3, a,) = (6,) b,, b,, b4) + 
k(4, 1, 1,2) + 1(4,2,3,3). Lemma 3 implies (a,, a2, a3, a,) is constructible. 
But (b, , b,, b,, b4) is nonincreasing. 
(1) b,--b,=a,-a,-3k-21=a,+a,+a,-3a,. 
Since (a,, a2, a3, a,) > @‘(a, + a2 + a3 + a4, 4)), a, + a2 + a3 > 3a4. 
(2) b,-b,=a,-a,+l=O, 
(3) b,-b,=a,-a,+k=O, 
(4) b,=a,-2k-31=3a,-a,-a,. 
Since (a2, a3, ad, 0) > @‘(a, + a3 + a4, 4)), a2 2 (a, + a3 + a,)/4 and 
3a, - a3 - a4 > 0. Corollary 5 implies that (b, , b,, b,, b4) is constructible. 
LEMMA 9.6. If (a,, a,, a3, a,) is a good sequence and a, > a, > a4 > a3 
then (a,, a,, a3, a,) is a cds. 
Prooj We may assume a, > a4 > a3. The proof is then in three cases. 
Case i. a, - a3 is even. 
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In any good four-term sequence ~1, + a, + a, > 3a,. If a, + a2 + a3 = 3a,, 
since a4 - a3 is even, then 3a, - a3 is even as is a, + a2 and thus a, - a,. 
Thus either a, - a2 is even or a, + a2 + a3 > 3a,. Now select integers k and 
lsuchthatO,<k,<a,-a,;O~Z~(a,-a,)/2andk+Z=(a,-a,)/2.This 
can always be done as 
(a) if a, - a, is even, then a, + a2 + a3 > 3a, implies 
(a2 - a,) + (a, - a2112 (a4 - a3Yh 
(b) if a, - a2 is odd, then a, + a2 + a, > 3a, implies 
a2 - a, + (a, - a2 - 1)/z > (a, - a@. 
Set (b,,b2,b,,b4)=(a,-4k-51,a2-4k-31,a,-k-l,a4-3k-31).It 
suffices to show that (b, , b,, b,, b4) is constructible because 
(a,, a2, a3, a,> = (b,, b,, b,, b4) + k(4 4, L3) + 1(5,3, L3). BY Lemma 3, 
(a,, a2, a3, a,) is constructible. But (b, , b,, b,, b4) is nonincreasing: 
(1) b,--b2=al--a,-2120 (as l< (a, - a,)P), 
(2) b, - b, = a2 - a3 -3k-21=a,-a,-k>O (as k<a,-a,), 
(3) b, - b, = a3 - a, + 2k + 21= 0, 
(4) b, = a4 - 3k - 31= (3a3 - a4)/2 > 0. 
(Since (a3, a,, 0,O) > (F(a, + a4, 4)), we have 3a, > a4 .) By Corollary 5, 
(b, , b,, b,, b4) is constructible. 
Case ii. a4-a3 is odd and a, > a2. 
Set (b,, b,, b,, b4) = (a, - 3, a2 - 2, a3 - 1, a, - 2). It suffices to show 
that (b,, b,, b,, b4) is constructible as (a,, a2, a3, a,) = (b,, b,, b,, b4) + 
(3,2, 1,2). Note that b, - b, is even. Thus if (b,, b2, b,, b4) is good, it is 
constructible by the previous lemmas or by Case i of this lemma. As 
. a, > a2 > a4 > a3. b, > b, > b, thus (b,, b,, b3) is good. For simplicity we 
will let A = a, + a2 + a3 + a4 ; B=b,+b2+b3+b4; and (c,,c,,c&,)= 
(F(A, 4)). Clearly (F(B,4)) = (cl - 2, c2 - 2, c3 - 2, c, - 2). Since 
(a,, a2, a3, a,) > (F(A, 4)) and a, > a, > a4 > a3 we know a, > c, and 
a, + a2 > c, + c,. In order to show that (b,, b,, b,, b4) is good we must first 
show (b, , b,, b, , kg) > (F(B, 4)): 
(1) b,=a,-3>c,-2, 
(2) b, +b,=a, +a,---5 >c, i-c,-4, 
(3) b,+b2+b3=aI-t-a,+a,-6&+c,+c,-6. 
Continuing, we must next show that (b,, b,, b, , 0) > (F(B - b, ,4)). 
Suppose (F(B - b,, 4)) = (d,, d,, d,, d4). Clearly b, > d,, as b, > b, > b,. 
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If b, > 2 then b, + b, > b, + 3. From this we have 4b, + 4b, > 2(b, + b, + 
b, + 3), which implies 
b, + b, > 2(b, + b, + b, + 3)/4 
~2((b2+b3+b4)/4)Z2d,~dd,+d2. 
If, on the other hand, b, < 2 then a3 = 1 or 2. If a3 = 1 then a4 = 2 and 
a, > 3. Since a, > a2 the graph is easily constructed using realizations of 
(3,2, 1,2) and (a, - 3, a2 - 2, 0, 0). If a3 = 2 then a4 = 3 or 5. If a, = 3 
then a, > a2 > 4. The graph is easily constructible as 
(a,, a2, a3, a,> = (3, 2, 1, 2) + (a, - 3, a2 - 2, 1, 1) 
If a4 = 5 then a, > 7 and a2 > 6. The graph is easily constructible as 
(a,, a,, a3, a,> = (3,2, L2) + (4,4, L3) + (a, - 7, a2 - 6, 0, 0). 
Thus whenever b, < 2 we are done. 
Finally, we must show that (b,, b,, 0,O) > (F(b, + b,, 4)). Since a4 - a3 
is odd a4 + a3 is odd and 
Hence 
{(a4 + Q3 + WI = {(a, + a4)/41* 
b3=a3- 1 $ {(a3+a,+ 1)/4}- 1 
= {(a, + a4 - WI = I@3 + b4)/41* 
Thus we conclude that (b,, b,, b,, b4) is good and in this case (a,, a2, 
a3, a,) is a cds. 
Case iii. a4 - a, is odd and a,=a,. Set (b,,b2,b3,b4)= (a,-3, 
a, - 3, a3 - 1, a4 - 2). It suffices to show that (b, , b,, b,, b4) is construc- 
tible as (a,, a2, a3, a,) = (b,, b,, b,, b4) + (3,3, 1,2). As in the previous 
case 6, - b, is even so we need only show that (b, , b,, b,, b4) is good. Since 
a, = a2 > a4 > a3 we have b, = b, 2 b, and so (b,, b,, b3) is good. We 
remark that the construction of (a,, a,, a3, a,) is easy if a4 - a3 = 1 so we 
assume a4 - a3 > 3. Since (a,, a2, a,, a,) is good and a3 < a4 - 3 then a, = 
a2 2 a4 + 2. As in the previous case we set A = a, + a2 + a3 + a4 ; B = 
b, + b, + b, + b, = A - 9; (c, , c,, c3, c,> = @+(A, 4)); and (4 , d2, d,, d4) = 
(WA 4)). 
We must show that (b, , b,, b3, b4) > (F(B, 4)). Since a, = a2 > a4 + 2 > 
a3 + 5 we have a, - 1 > c, and a, + a2 - 2 > c, + c2. 
(1) b,=a,-3>c,-2>d,. 
(2) b,+b2=al+a2-6>c,+c,-4>dd,+d2. 
(3) To show that b, + b, + b, ad, + d, + d, we need to consider 
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parity arguments. Since a4 - a3 is odd, A is odd. Hence 
c, = {A/4} > [A/4] = c,. Thus d,+d,+d3 must be c,+c,+c,-7. So 
b, + b, + b, = a, + a, + a3 - 7 > c, i- c, + c3 - 7 
=d,+dz+d3. 
Continuing, we must show that (b,, b, , b,, 0) > (F(B - b, ,4)). Suppose 
(F(B - b, ,4)) = (e, , e2, e3, e,). Clearly b, > e, . Note that b, = 
a, - 3 > a4 - 1 = b, + 1. Thus if b, > 2 then b, + b, > b, + 3. From this we 
conclude as in the previous case that 
b, -I- b, > 2(b, -I- b, + b, -I- 3)/4 
> 2{(b, + b, + W/4) 2 e, + e2. 
If on the other hand b, < 2 then a3 = 1 or 2. If a3 = 1 then a4 = 2 and 
a, = a2 > 4. The graph is easily constructed using realizations of (3, 3, 1,2) 
and (a, - 3, a2 - 3, 0, 0). If a, = 2 then we may assume a4 = 5 and thus 
a, = a2 > 7. The graph is easily constructible as 
(a,, a2, a3, as) = (3,3, L2) + (4,4, L3) + (a, - 7, a2 - 7, 0, 0). 
Finally we must show that (b, , b,, ($0) > (F(b, + b,, 4)). Since a4 - a3 is 
odd a4 + a3 is odd and 
Hence 
{(a, + a3 + Q/4) = {(a3 + ad/41 
b,=a,-l>{(a,+a,+l)/4}-1 
= {(a, + a4 - 3)/4) = W3 + b4W 
Thus we conclude that (b,, b,, b,, b4) is good and hence (a,, a2, a3, a,) is a 
cds. 
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